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Real-Time Cosmology
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All observables are functions of time: 
ż = Ho(1+z)-H(z) 

ḊL/DL = Ho + ż (1+z)-1 
ḊA/DA = Ho - ż (1+z)-1 

Ḟ/F = -2 ḊL/DL 
  CMB (time reveals 3D structure) 

... 
Order of magnitude:  Ho = 7.4 x 10-11 yr -1  
      Ho = 15 µarcsec yr -1 



International 
Celestial Reference 
Frame sources 
show large intrinsic 
PM. 

!

Best-fit dipole 
shows significant 
convergence at 
Galactic Center 
due to Solar 
acceleration 
(inducing a secular 
aberration drift). 

µ = 5 µarcsec yr -1 
a = 0.7 cm s-1 yr -1 

Data

Model

JD, after Titov et al 2011



Vector Field Decomposition

Vector spherical harmonics: 
!

 YℓmE ~ ∇ Yℓm  ;  YℓmB ~ n x ∇ Yℓm 

  
Angular derivatives of Yℓm(α,δ) separated into 
orthogonal curl-free and divergence-free (E- and 
B-type) fields, sorted by multipole ℓ. 
!

Look like E dipole, B dipole, E quad, B quad, etc  
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Vector Field Decomposition

Vector spherical harmonics:
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No gradient 
No curl

Gradient ⇒ flow 
Curl ⇒ rotation

2 Sources, 2 Sinks 
2 Cyclones,  
     2 Anticyclones



(JD)

E and B 
modes 
orthogonal 
!

E ⇔ Div 

B ⇔ Curl 

Electric Dipole 

Magnetic Dipole



(JD)

Electric Quadrupole 

Magnetic Quadrupole

E and B 
modes 
orthogonal 
!

E ⇔ Div 

B ⇔ Curl 



VLBI Now:   
 ~500 objects 
 ~10’s of µarcsec yr -1 
 Intrinsic proper motion adds noise 
 Global PM signals of ~5 µarcsec yr -1 
!Gaia (2022): 
 ~500,000 objects 
 ~150 µarcsec yr -1 (1 sigma) 
 Low/no intrinsic proper motion 
 Global PM signals of ~1 µarcsec yr -1 

Proper Motion:  Now and Future



NGVLA: 
 ~10,000 objects (go fainter but faster)
    (27x VLBA collecting area or 10x VLA) 
 + Target extant VLBI sources (t -3/2) 
 + Add Gaia objects, focusing on pairs 
!

 10 µarcsec yr -1 allows global detection  
 of correlated signals of 0.1 µarcsec yr -1, 
 which is ~0.7% Ho 
       (Ho = 15 µarcsec yr -1) 

Proper Motion:  Now and Future
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Proper 
Motion 
Power 

Spectrum

• Schematic 
(cartoon) 
!

• Grav. Wave 
amplitude 
unknown 

!
• Intrinsic PM 

and sample 
size set  
upper ℓ

NGVLA (5σ)

NGVLA (5σ)

NGVLA (5σ)

(JD)
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Proper 
Motion 
Power 

Spectrum

Some signals 
are distance-
independent, 
but the power 
spectra are 
generally two-
dimensional 
(e.g., parallax) 

NGVLA (5σ)

NGVLA (5σ)

NGVLA (5σ)

(JD)
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Proper 
Motion 
Power 

Spectrum

ℓ = 1: 
!
Proper 
acceleration 
and parallax 
!
Rotating 
universe

NGVLA (5σ)

NGVLA (5σ)

NGVLA (5σ)

(JD)
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Extragalactic Parallax

The CMB shows a 3.4 mK dipole induced by Solar 
motion of 369 km s-1 or 80 AU yr -1 (0.4 mpc yr -1). 

COBE DMR
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Extragalactic Parallax
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Extragalactic Parallax
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π

Extragalactic Parallax
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Extragalactic Parallax

– 8 –

Extragalactic Parallax. The barycenter motion with respect to the CMB of 369.0± 0.9 km s�1 creates a
3.355±0.008 mK dipole pattern on the sky (Hinshaw et al. 2009). This velocity amounts to a linear motion
of 80 AU yr�1 or 0.377 mpc yr�1, causing near-field objects to appear to move with respect to distant ones. In
a flat cosmology, the parallax distance is the proper (comoving) distance, and the apparent parallax angular
motion (seen as a proper motion) will be away from the CMB apex and modulated by the angle β between
the observed object and the CMB apex:

π =
ℓ

D
|sinβ| = 80 µas yr�1

!

1 Mpc
D

"

|sinβ| (3)

(this assumes a comoving baseline appropriate for the long-term solar motion, but not the annular motion).
The parallax pattern on the sky will therefore be an E-mode dipole diverging from the CMB apex and
converging on the CMB nadir with amplitude diminishing linearly with proper distance (Fig. 4). Objects’
peculiar velocities will add to their apparent motion, and nearby galaxies comoving with the Milky Way will
still show a proper motion induced by the solar rotation.

The size of the parallax is non-negligible for nearby galaxies, particularly those in the Virgo Cluster and
the local Supercluster. For objects at rest with respect to the CMB, the effect is 78 µas yr�1 at 1 Mpc (Local
Group), 8 µas yr�1 at 10 Mpc, and 1 µas yr�1 at 75 Mpc (modulo sinβ). For example, M31 should show a
LSR parallax or 39 µas yr�1 and a CMB parallax of 62 µas yr�1 (but see Sohn et al. 2012; van der Marel
et al. 2012). A parallax measurement of M87 at 16.8 Mpc is now possible (Broderick et al. 2011). Even if
M87 is co-moving with the Galaxy, the expected parallax from the LSR motion is 2.9 µas yr�1 (the CMB
parallax would be 2.1 µas yr�1). M81 is also an excellent candidate for individual parallax measurement.

One can also detect extragalactic parallax statistically in large samples of more distant objects. Ding &
Croft (2009) show how this can be done using large samples at cosmological distances, but the parallax is
largest and most detectable in the local universe, for objects showing apparent proper motions > 1 µas yr�1.
A statistical parallax detection provides the observer-induced global proper motion field, allowing one to
extract peculiar motions and geometric distances for individual objects.

We assess feasibility using the Titov et al. (2011b) proper motion catalog, constraining the catalog to
< 150 Mpc and |θ̇| and σ

θ̇
< 100 µas yr�1, and making two least-squared-error model fits: one to an uncon-

strained distance-dependent E-mode dipole, and one to a distance-dependent E-mode dipole with the CMB
dipole apex fixed (the dipole amplitude is the only free parameter). The no-prior fit has dipole amplitude
0.9±1.3 mas yr�1, but the constrained fit obtains a global parallax amplitude of �128±265 µas yr�1 using
only six objects, most of which are dominated by internal motions. The expectation is 80 µas yr�1, and
while

√
N improvements will help reach this level, the uncorrelated proper motions will also better cancel

with larger samples and we will have nearly another decade of ICRF accumulation, improving as t3/2.
Themain limitation at this point is the sample size in the local universe. Peculiar motions with respect to

the CMBwill add a large-scale-uncorrelated motion, but may not be uncorrelated on the scale of 10’s of Mpc.
Instead, if the Galaxy’s peculiar motion with respect to the CMB is similar to most of the local neighborhood,
then the motion of the solar barycenter about the Galactic Center will provide the parallax baseline, which
is of the same order of magnitude as the barycenter motion with respect to the CMB. A proper motion
network of roughly 100 objects within 100 Mpc is needed to make the first statistical detection of the
extragalactic parallax, assuming uncorrelated peculiar motions of less than 1000 km/s with respect to the

80 AU yr -1 or 0.4 mpc yr -1 induces a secular parallax:

(JD)
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Extragalactic Parallax
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Extragalactic Parallax. The barycenter motion with respect to the CMB of 369.0± 0.9 km s�1 creates a
3.355±0.008 mK dipole pattern on the sky (Hinshaw et al. 2009). This velocity amounts to a linear motion
of 80 AU yr�1 or 0.377 mpc yr�1, causing near-field objects to appear to move with respect to distant ones. In
a flat cosmology, the parallax distance is the proper (comoving) distance, and the apparent parallax angular
motion (seen as a proper motion) will be away from the CMB apex and modulated by the angle β between
the observed object and the CMB apex:

π =
ℓ

D
|sinβ| = 80 µas yr�1

!

1 Mpc
D

"

|sinβ| (3)

(this assumes a comoving baseline appropriate for the long-term solar motion, but not the annular motion).
The parallax pattern on the sky will therefore be an E-mode dipole diverging from the CMB apex and
converging on the CMB nadir with amplitude diminishing linearly with proper distance (Fig. 4). Objects’
peculiar velocities will add to their apparent motion, and nearby galaxies comoving with the Milky Way will
still show a proper motion induced by the solar rotation.

The size of the parallax is non-negligible for nearby galaxies, particularly those in the Virgo Cluster and
the local Supercluster. For objects at rest with respect to the CMB, the effect is 78 µas yr�1 at 1 Mpc (Local
Group), 8 µas yr�1 at 10 Mpc, and 1 µas yr�1 at 75 Mpc (modulo sinβ). For example, M31 should show a
LSR parallax or 39 µas yr�1 and a CMB parallax of 62 µas yr�1 (but see Sohn et al. 2012; van der Marel
et al. 2012). A parallax measurement of M87 at 16.8 Mpc is now possible (Broderick et al. 2011). Even if
M87 is co-moving with the Galaxy, the expected parallax from the LSR motion is 2.9 µas yr�1 (the CMB
parallax would be 2.1 µas yr�1). M81 is also an excellent candidate for individual parallax measurement.

One can also detect extragalactic parallax statistically in large samples of more distant objects. Ding &
Croft (2009) show how this can be done using large samples at cosmological distances, but the parallax is
largest and most detectable in the local universe, for objects showing apparent proper motions > 1 µas yr�1.
A statistical parallax detection provides the observer-induced global proper motion field, allowing one to
extract peculiar motions and geometric distances for individual objects.

We assess feasibility using the Titov et al. (2011b) proper motion catalog, constraining the catalog to
< 150 Mpc and |θ̇| and σ

θ̇
< 100 µas yr�1, and making two least-squared-error model fits: one to an uncon-

strained distance-dependent E-mode dipole, and one to a distance-dependent E-mode dipole with the CMB
dipole apex fixed (the dipole amplitude is the only free parameter). The no-prior fit has dipole amplitude
0.9±1.3 mas yr�1, but the constrained fit obtains a global parallax amplitude of �128±265 µas yr�1 using
only six objects, most of which are dominated by internal motions. The expectation is 80 µas yr�1, and
while

√
N improvements will help reach this level, the uncorrelated proper motions will also better cancel

with larger samples and we will have nearly another decade of ICRF accumulation, improving as t3/2.
Themain limitation at this point is the sample size in the local universe. Peculiar motions with respect to

the CMBwill add a large-scale-uncorrelated motion, but may not be uncorrelated on the scale of 10’s of Mpc.
Instead, if the Galaxy’s peculiar motion with respect to the CMB is similar to most of the local neighborhood,
then the motion of the solar barycenter about the Galactic Center will provide the parallax baseline, which
is of the same order of magnitude as the barycenter motion with respect to the CMB. A proper motion
network of roughly 100 objects within 100 Mpc is needed to make the first statistical detection of the
extragalactic parallax, assuming uncorrelated peculiar motions of less than 1000 km/s with respect to the

NGVLA:  Individual parallax distances to ~8 Mpc.

(JD)
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Proper 
Motion 
Power 

Spectrum

ℓ = 2: 
!
Anisotropic 
Expansion 
!
Gravitational 
Waves 
!
Expansion 
Vorticity

NGVLA (5σ)

NGVLA (5σ)

NGVLA (5σ)

(JD)
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Isotropy of Expansion
Anisotropic Hubble expansion (or local void) will 
cause streaming motions across the sky toward 

directions of fastest expansion. 

Darling 2014
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Isotropy of Expansion

Current limit from PM:  Isotropic to ~7% of Ho. 
 NGVLA:  ~0.1% of Ho.

Darling 2014



Gravitational Waves
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Apparent deflections on the sky are stochastic and 
time-dependent. 
!

E and B terms are expected with equal amplitudes. 
!

Quadrupole dominant. 

       ΩGW ~ 〈µ2〉/Ho2               (Ho = 15 µarcsec yr -1) 

Sensitive to GW frequencies 1/Δt to ~Ho  

(10-18-10-8 Hz)                               
          (Book & Flanagan 2011)



NGVLA

Cooray (2005)

Gravitational Waves

ICRF Proper Motion
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Proper 
Motion 
Power 

Spectrum

ℓ > 5: 
Collapse and 
Recession of 
Large Scale 
Structure 
!

ℓ ~ 40: 
BAO 
Evolution

NGVLA (5σ)

NGVLA (5σ)

NGVLA (5σ)

(JD)



Growth of Structure
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ℓ𝓁Θ



Growth of Structure
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ℓ𝓁Θ ℓ𝓁’
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ℓ𝓁Θ’ ℓ𝓁

Growth of Structure



Objects appear to shrink as they recede: 

28

– 4 –

2. Introduction

Structures that have decoupled from the Hubble flow will show streaming motions that,
while straightforward to detect as Doppler shifts along the line of sight, are difficult to

distinguish from the Hubble expansion itself [refs galore — both for the problem and the
work-around]. Streaming motions across the line of sight, or simply structures decoupled

from the Hubble flow, however, are separable from the Hubble expansion because no proper
motion will be evident in an isotropic expansion.

The apparent size of “cosmic rulers” as a function of redshift is a canonical cosmological
test, but the real-time change in the apparent size of such rulers caused by the cosmic

expansion has not been explored [check]. Here we examine the theory behind the notion
that gravitationally bound objects appear smaller as they recede, we develop the method
by which this effect can be measured, and we apply this technique to extant proper motion

data. Finally, we predict how this effect can be detected with high significance by the Gaia
mission. We assume H◦ = 72 km s−1 Mpc−1 and a flat cosmology with ΩΛ = 0.73 and

ΩM = 0.27.

[distinguish parallax due to barycenter baseline motion over time (about 800 AU over

10 years! — must be barycenter wrt CMB [have not confirmed]) from this effect]

3. Apparent Proper Motion of Cosmic Rulers

Given the definition of angular diameter distance, θ = ℓ/DA, where a “ruler” of length
ℓ subtends small angle1 θ at angular diameter distance DA, the observed fractional rate of

change of the subtended angle is the sum of the recession due to expansion and the fractional
change in the proper length,

∆θ/∆t◦
θ

=
θ̇

θ
=

−ḊA

DA

+
ℓ̇

ℓ
=

−H(z)

1 + z
+

ℓ̇

ℓ
(2)

where
H(z) = H◦

!

ΩM,◦(1 + z)3 + ΩΛ + (1 − ΩM,◦ − ΩΛ)(1 + z)2 (3)

1When the small-angle approximation is not valid, we assume that DA is the angular diameter distance
to the midpoint of ℓ such that tan(θ/2) = (ℓ/2)/DA. For large angles, Equation (2) becomes

∆θ/∆t◦
sin θ

=
θ̇

sin θ
=

−H(z)

1 + z
+

ℓ̇

ℓ
. (1)

Growth of Structure

– 6 –

for H◦ = 72 km s−1 Mpc−1. A large nearby cluster moving with the Hubble expansion, such

as the Perseus Cluster at ∼75 Mpc and ∼7.1 degrees in size [refs; also check size — this seems
to imply about 10 Mpc! — NED says even larger...14 degrees], would thus appear to shrink
by ∼2 µas yr−1. The Andromeda galaxy’s ∼2◦ molecular ring, approaching at effectively 5.3

H◦ (−300 km s−1, heliocentric, at 780 kpc), will appear to grow by ∼3 µas yr−1 (Darling
2011).

[also show how this is a geometric distance measure given a Doppler shift]

Since in the local universe the recessional velocity is determined by Hubble’s Law, v =
H◦D, the apparent shrinking of receding objects provides a direct geometric measurement

of the Hubble constant H◦,

H◦ = −
θ̇

θ
, (10)

and the geometric [proper? ang size?] distance,

D =
v

H◦

= −v
θ

θ̇
. (11)

[this is technically modulated by the difference between proper distance (Hubble’s Law) and
angular size distance, but these are very similar at z ≃ 0] Since the Doppler velocity and the
angular size can be measured extremely precisely, the uncertainty in these measurements

is dominated by the uncertainty in the θ̇ measurement. While the measurement of H◦

relies on an assumption of motion entrained in the Hubble flow (small peculiar velocity),

the measurement of geometric distance does not rely on any assumptions because receding
objects appear to shrink regardless of the reason for the recession.

[The angle θ is no longer small at low redshift; θ crosses xx, where the small angle
approximation is good to within xx%, at z = xx, yy, zz for ℓ = aa, bb, cc Mpc. We use the

exact trigonometry for z < 0.1 (Figure 2, bottom).]

Both θ and θ̇ are observable quantities: this implies that the Hubble constant at any

redshift can be directly measured from the apparent proper motion of receding objects.
This measurement does not rely on any information about the physical size of the observed

shrinking object, in contrast to the canonical cosmological “standard ruler” tests. Moreover,
all of the uncertainty associated with such a measurement of H(z) lies in the uncertainty in

the proper motion because θ can be measured to parts per billion precision.

Measuring these apparent proper motions requires very compact luminous (high bright-

ness temperature) sources at the boundaries of the receding object or structure. Typically
these sources will be masers, which are severely distance-limited, or quasars or active galactic

nuclei (AGN). In the case of galaxy clusters, bright AGN on the periphery of clusters are

If objects are not radially collapsing, a geometric 
distance measurement may be possible. 



29

Growth of Structure

Darling (2013)

Static Structures:  H(z)/(1+z)
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Growth of Structure

Static Structures:  H(z)/(1+z)

Method can provide direct detection of growth of 
structure (masses) and geometric distances. 
!

Current data are limited by sample size and paucity of 
close pairs (< 200 Mpc):  NGVLA could solve both!

Darling (2013)
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Baryon Acoustic Oscillation (BAO)

The BAO is a pre-CMB sound wave left as 
an imprint on galaxies today, acting like a 
standard ruler that evolves with redshift.   
!

It essentially measures H(z) and DA(z) and 
has a scale of ~150 Mpc (comoving). 
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Baryon Acoustic Oscillation (BAO)

 At z = 0.5, 𝜃BAO = 4.5° (ℓ ~ 40) 
!

 d𝜃BAO/dto =  − Ho 𝜃BAO 
        =  −1.2 µarcsec yr -1  
  
 Measures Ho/DA(z)      (to first order) 
!

There will be a convergent (E-mode) signal 
at ℓ ~ 40 showing the real-time evolution of 
the BAO that should be detectable! 



1.  Real-time Cosmology may soon be possible. 
!
2.  Extragalactic Parallax:  statistical and individual.  
!
3.  Long-period Gravitational Waves can be directly 
constrained or detected. 

!
4.  Isotropy of expansion tests. 
!
5.  Growth of large scale structure:  mass. 
!
6.  Objects appear smaller as they recede:  distance. 
!
7.  Real-time BAO evolution.

Real-Time Cosmology with 
NGVLA Astrometry


