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Why EoR? Why low radio frequency?  

•  First stars and galaxies  
•  Phase transformation: neutral 

to fully reionized 
•  Large scale structure 
•  Redshifted 21cm – direct 

probe of neutral Hydrogen in 
the EoR 

Foreground Challenge	  



Evolu'on	  of	  Cosmic	  HI	  Brightness	  	  
Temperature	  Monopole	  
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Wide	  range	  of	  astrophysical	  processes	  	  
responsible	  for	  the	  evolu'onary	  behavior:	  
•  Compton	  scaKering	  couples	  Ts	  to	  Tk	  	  and	  TCMB	  
•  Decoupling	  from	  TCMB	  leads	  to	  absorp'on	  as	  Ts	  follows	  Tk	  (adiaba'c	  cooling)	  
•  Further	  expansion	  makes	  collisional	  coupling	  ineffec've,	  Ts	  follows	  TCMB	  
•  First	  stars	  form,	  Lyα	  recouples	  Ts	  to	  Tk	  (follows	  adiaba'c	  cooling)	  
•  Lyα	  and	  X-‐rays	  hea'ng	  raises	  Tk	  above	  TCMB	  (signal	  in	  emission	  =	  EoR)	  

Exo'c	  physics	  at	  play?	  
•  Cooling	  of	  Tk	  by	  scaKering	  of	  Dark	  MaKer	  

Par'cles	  ?	  (Barkana	  2018)	  
•  Excess	  background	  radia'on	  from	  BH	  growth?	  

(Ewall-‐Wice	  et	  al.	  2018)	  
	  

Deep	  absorp'on	  	  
~500	  mK	  (EDGES)	  



Cosmic	  Reioniza'on	  Spa'al	  Fluctua'ons	  

•  Evolu'on	  of	  power	  spectrum	  reveals	  
nature	  of	  ionizing	  objects	  

•  The	  astrophysics	  causing	  evolu'on	  of	  
structures	  

•  Seeds	  of	  large-‐scale	  structure	  
forma'on	  
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•  Foregrounds	  are	  ~105	  brighter	  than	  EoR	  HI	  
signal	  

•  Foregrounds	  are	  spectrally	  smooth	  
•  EoR	  HI	  signal	  is	  faint	  but	  has	  fine	  spectral	  

structure	  in	  contrast	  to	  bright	  foregrounds	  
•  Number	  of	  instruments	  –	  MWA,	  LOFAR,	  

HERA,	  PAPER,	  SKA	  –	  designed	  to	  detect	  
EoR	  spa'al	  fluctua'ons	  using	  spectral	  
contrast	  (sta's'cally	  using	  power	  
spectrum)	  



Expectations and Results from First-
generation Instruments 
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•  >10-sigma statistical detection expected with ~1000 hours data 
•  Currently limited by foregrounds and instrument systematics. e.g. 

PAPER64 - Ali et al. 2015, Pober et al. 2015, Cheng et al. 2018 (in prep); 
MWA – Dillon et al. 2013, Beardsley et al. 2016; LOFAR - Patil et al. 2017 
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LOFAR	  
Pa'l+	  (2017)	  

??	   ??	  



Mitigation of systematics via Aperture Shape 

NT+ (2015a) 

Foreground spillover from  
drops significantly 

(e.g. PAPER) (e.g. MWA) (e.g. HERA) 



Effects of Beam Chromaticity 
Effects of Beam Chromaticity on EoR Hi Power Spectra Measurements 9
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(a) 150 MHz subband (z ≈ 8.47)
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(b) 170 MHz subband (z ≈ 7.36)

Figure 5. EoR signal and foreground delay power spectrum in units of K2(h−1 Mpc)3 in 150 MHz (top) and 170 MHz (bottom) subbands
(Beff = 10 MHz) on eight unique baseline lengths of HERA-19 at arbitrary sky pointings. The length and orientation of the baseline vector
corresponding to each panel is annotated on the top right corner. EoR models 1 and 2 are shown in cyan and gray respectively. The
foregrounds obtained with achromatic, Airy and simulated chromatic antenna beams are shown in black, red and blue respectively. EoR
sensitivity is highest for antenna beam with least chromaticity and vice versa. Even for the simulated chromatic antenna beam pattern,
which has the highest chromaticity among the antenna beam models considered, foreground power will be lower than signal power from
the two independent EoR models by more than two orders of magnitude for |k∥| ! 0.2h Mpc−1 on all HERA baselines.
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•  Differences seen only due to spectral differences in Antenna beam 
•  Beam chromaticity worsens foreground contamination 
•  HERA aiming for such a robust element design 

Simulated Chromatic HERA beam Uniform Disk Airy Pattern 



Design Specs on Reflections in Instrument 

•  Reflections inevitable 
in electrical systems 

•  Reflections extend 
foregrounds and 
contamination in 
delay spectrum 

•  Require reflected 
foregrounds to be 
below HI signal levels 

•  HERA will aim for 
these specs 

•  Similar study is 
ongoing for SKA1-low 

NT+ (2016)  
Ewall-Wice et al. (2016) 

Neben et al. (2016) 
Patra et al. (2016) 

DeBeor et al. (2016) 
 

Dish-Feed Reflections 



Effects of Antenna Position Errors	  

Deviation from redundancy quickly introduce undesirable levels of  spectral structure 

NT+	  (in	  prep.)	  



Analysis	  Challenges	  

•  Calibration Accuracy 
•  Foreground mitigation without signal loss 
•  Precise Instrument Knowledge 
•  Precise knowledge of foregrounds 
•  Polarization Leakage compounded with wide-

field effects? 
•  Antenna-to-antenna variations in beam and signal 

path? 
•  Avoid introducing spectral artifacts  



Calibra'on	  Challenges	  
DaKa	  et	  al.	  (2010)	  
Calibra'on	  Precision	  ~0.01%	  

Barry	  et	  al.	  (2016)	  
	  
Calibra'on	  
Precision	  ~10-‐5	  
	  

Thorough	  
knowledge	  of	  
foregrounds	  
required	  to	  
achieve	  this	  
precision	  

Ewall-‐Wice	  et	  al.	  
(2017)	  
	  

Power	  Spectrum	  
Contamina'on	  
from	  calibra'on	  
errors	  in	  an	  
op'mis'c	  case	  

Similar	  conclusions	  from	  …	  
•  TroK	  &	  Wayth	  (2016)	  for	  MWA	  and	  SKA	  
•  Pa'l	  et	  al.	  (2017)	  for	  LOFAR	  
•  …	  
•  Sophis'cated	  strategies	  being	  developed	  

for	  redundant	  polariza'on	  calibra'on	  for	  
HERA	  (Dillon	  et	  al.	  2017)	  



Interferometric	  Solu'on	  to	  	  
Calibra'on	  Woes	  

•  Phase	  of	  bi-‐spectrum	  (closure	  phase)	  
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Figure 1. Schematic of the closure phase calculation for a three-element interferometer with elements
i, j, k. �m is the frequency-dependent measured phase of a visibility (cross-correlation of voltages), between
two antennas. �s is the true sky value of the phase (i.e., uncorrupted by the response of the system). ✓a is the
electronic phase term introduced by each antenna, including the contribution to the electronic path-length by
the atmosphere above each antenna. Assuming that the electronic response of the system can be factorized
into antenna-based terms, ✓a , then, in the sum of the measured interferometric phases around any triad of
antennas, these antenna-based phase terms cancel, leaving a ‘true’ sky measurement, modulo a thermal noise
term that is not shown explicitly.
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II. INFORMATION IN BI-SPECTRUM PHASE

The bi-spectrum in the context of interferometry has
been investigated in [34–37] and recently revisited in [32].
It is defined as:

B∆(f) = Vab(f)Vbc(f)Vca(f), (1)

where, Vab(f) denotes the spatial coherence measured
between antennas a and b at frequeny f . If the in-
strument and/or ionosphere introduce complex antenna-
based gains denoted by ga at any antenna a, then:

V m
ab (f) = ga(f) g

∗
b (f)V

T
ab(f) + V N

ab(f), (2)

where, the measured spatial coherence, V m
ab (f), is the

sum of contributions from thermal-like noise, V N
ab(f), and

sky spatial coherence, V T
ab(f), corrupted by the antenna

gains. The corresponding bi-spectrum is given by:

Bm
∆ = |ga|2 |gb|2 |gc|2 BT

∆ + noise-like terms (3)

where, the dependence on f has been dropped for conve-
nience hereafter unless specifically indicated. All noise-
like terms on the R.H.S. are uncorrelated due to the pres-
ence of visibility noise term and average to zero. Hence,
⟨Bm

∆⟩ = ⟨|ga|2 |gb|2 |gc|2 BT
∆⟩. The phase of the measured

bi-spectrum is independent of the antenna gains and thus
identical to that of the true bi-spectrum corrupted only
by noise. Denoting the bi-spectrum phase as φ∆,

φm
∆ = φm

ab + φm
bc + φm

ca = φT
∆ + δφN

∆, (4)

where, δφN
ab is the perturbation due to thermal noise su-

perimposed on true phase, φm
ab = φa−φb+φT

ab+δφN
ab and

φa denote the phase of the measured spatial coherence
V m
ab and phase of complex antenna gain ga, respectively.
Defining the signal-to-noise ratio (SNR) in the spatial

coherence as ρNab = |V T
ab|/|V N

ab|, where, V N
ab includes both

real and imaginary parts, the probability distribution of
δφN

ab depends on ρNab as [38]:

P (δφN
ab) =

1

2π
e−(ρN

ab
)2
!

1 +G
√
π eG

2

(1 + erf G)
"

, (5)

where, G = G(δφN
ab) is defined by G(θ) = ρ cos θ, and erf

is the error function. For ρNab ≫ 1, P (δφN
ab) approaches

a Gaussian distribution with standard deviation, σφm
ab

=

(
√
2 ρNab)

−1. For ρNab = 0, P (δφN
ab) reduces to a uniform

distribution in [−π,π]. From Eq. (4), it can be seen that
for ρNab, ρ

N
bc, ρ

N
ca ≫ 1, φm

∆ will also approach a Gaussian
distribution with variance:

σ2
φm
∆
= (

√
2 ρNab)

−2 + (
√
2 ρNbc)

−2 + (
√
2 ρNca)

−2. (6)

The standard deviation due to thermal noise can be
further reduced while preserving phase coherency by
averaging independent measurements of φm

∆, yielding
σ2
φavg
∆

= σ2
φm
∆
/Nm, where, Nm is the number of inde-

pendent measurements. It may be noted that δφN
∆ on

antenna triads that share at most one antenna are still
considered uncorrelated, independent of ρNab [35].
Eq. (4) is valid when Eq. (2) is valid where the gain

terms are purely antenna-dependent, i.e., in the ab-
sence of any dependency on the antenna pair or baseline
that cannot be factorized into purely antenna-dependent
terms. Such baseline-dependent terms will be present
when mutual coupling across antennas and correlated er-
rors between the signal pathways of the antennas are sig-
nificant, which will introduce departures from Eq. (4)
that will depend on the magnitude of such effects. Pa-
per I presents a preliminary analysis of the magnitude of
baseline-based terms for HERA. In this paper, we ignore
baseline-dependent gain terms. We will explore this issue
in more detail in our forthcoming data analysis paper.

III. MODELING

We describe the instrument and sky model we adopt
to demonstrate our approach to EoR H i detection.

A. Instrument Model

We use the Hydrogen Epoch of Reionization Array
[HERA; 20, 39–42] as an example in demonstrating our
approach. Located at the Karoo desert in South Africa
at a latitude of −30.73◦, HERA will consist of 350 close-
packed 14 m dishes with the shortest antenna spacing
being 14.6 m. Its layout – a triple split-core hexagonal
grid – is optimized for both the redundant-spacing cali-
bration and the delay spectrum technique for detecting
the cosmic EoR H i 21 cm signal [43]. The HERA lay-
out offers redundant, independent measurements of φm

∆
on many classes of antenna triplets.

B. Sky Model and Noise

We construct an all-sky model that includes the real-
ization of a fiducial ‘faint galaxies’ EoR model [2] using
21cmFAST [44] and a radio foreground model that in-
cludes compact and diffuse synchrotron emission from
the Galaxy and extragalactic sources [18]. The models
chosen here are only for demonstrating the potential of
the technique which will be valid for other models as well.
Fig. 1 shows the amplitudes of the spatial coherence

spectra measured on three non-redundant 14.6 m an-
tenna spacings due to the sky (foreground synchrotron
and H i from the EoR) and thermal noise contributions
with 1 min integration. It is seen that the foreground con-
tributions exceed the EoR signal by a factor ∼ 104 as ex-
pected. It is also noted that 400 ! ρab, ρbc, ρca ! 1600,
which implies that fluctuations in φm

∆ caused by thermal
noise will follow a Gaussian distribution with standard
deviation given in Eq. 6.

Used	  in	  radio	  interferometry	  since	  1950s	  
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plex gain on a given visibility is separable into antenna-based terms.220

From this, we can see that the resulting measured visibility phase is the sum of ex-221

ponents:222

�m
i, j = �

s
i, j + (✓

i

� ✓
j

) + �n
i, j (8)

where, �n
i, j is the noise in the measured visibility phase.223

Again, the ‘bi-spectrum’ or ‘triple product’ for an interferometric measurement is224

defined as:225

Cm
i, j,k = Vm

i, jVm
j,kVm

k, i (9)

It is easy to see from the equations above that the phase of this complex measurement, or226

closure phase, is, again, the sum of exponents:227

�m
i, j,k = �s

i, j + (✓
i

� ✓
j

) + �s
j,k + (✓

j

� ✓
k

) + �s
k, i + (✓

k

� ✓
i

) + �n
i, j,k (10)

where, �n
i, j,k is the noise in the measured closure phase.228

The antenna based phase terms then cancel in such a sum, leading to:229

�m
i, j,k = �s

i, j,k + �
n
i, j,k . (11)

The closure phase is schematically illustrated in Figure 1.230

The implication is that the measured closure phase is independent of antenna-based cali-231

bration terms, and represents a direct measurement of the true closure phase due to struc-232

ture on the sky, modulo the system thermal noise.233

2 The true sky visibility set by the sky intensity distribution multiplied by the primary beam power pattern ⌘ A

s
i, je

i�s
i, j
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(a) (b)

(c) (d)

Figure 3. Left: Visibility phase spectra for three antennas in a short equilateral triad (Top: uncalibrated,
Bottom: delay and bandpass calibrated). Right: Resulting closure phase spectrum. The measured closure
phases are independent of antenna-based calibration of visibilities.
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II. INFORMATION IN BI-SPECTRUM PHASE

The bi-spectrum in the context of interferometry has
been investigated in [34–37] and recently revisited in [32].
It is defined as:

B∆(f) = Vab(f)Vbc(f)Vca(f), (1)

where, Vab(f) denotes the spatial coherence measured
between antennas a and b at frequeny f . If the in-
strument and/or ionosphere introduce complex antenna-
based gains denoted by ga at any antenna a, then:

V m
ab (f) = ga(f) g

∗
b (f)V

T
ab(f) + V N

ab(f), (2)

where, the measured spatial coherence, V m
ab (f), is the

sum of contributions from thermal-like noise, V N
ab(f), and

sky spatial coherence, V T
ab(f), corrupted by the antenna

gains. The corresponding bi-spectrum is given by:

Bm
∆ = |ga|2 |gb|2 |gc|2 BT

∆ + noise-like terms (3)

where, the dependence on f has been dropped for conve-
nience hereafter unless specifically indicated. All noise-
like terms on the R.H.S. are uncorrelated due to the pres-
ence of visibility noise term and average to zero. Hence,
⟨Bm

∆⟩ = ⟨|ga|2 |gb|2 |gc|2 BT
∆⟩. The phase of the measured

bi-spectrum is independent of the antenna gains and thus
identical to that of the true bi-spectrum corrupted only
by noise. Denoting the bi-spectrum phase as φ∆,

φm
∆ = φm

ab + φm
bc + φm

ca = φT
∆ + δφN

∆, (4)

where, δφN
ab is the perturbation due to thermal noise su-

perimposed on true phase, φm
ab = φa−φb+φT

ab+δφN
ab and

φa denote the phase of the measured spatial coherence
V m
ab and phase of complex antenna gain ga, respectively.
Defining the signal-to-noise ratio (SNR) in the spatial

coherence as ρNab = |V T
ab|/|V N

ab|, where, V N
ab includes both

real and imaginary parts, the probability distribution of
δφN

ab depends on ρNab as [38]:

P (δφN
ab) =

1

2π
e−(ρN

ab
)2
!

1 +G
√
π eG

2

(1 + erf G)
"

, (5)

where, G = G(δφN
ab) is defined by G(θ) = ρ cos θ, and erf

is the error function. For ρNab ≫ 1, P (δφN
ab) approaches

a Gaussian distribution with standard deviation, σφm
ab

=

(
√
2 ρNab)

−1. For ρNab = 0, P (δφN
ab) reduces to a uniform

distribution in [−π,π]. From Eq. (4), it can be seen that
for ρNab, ρ

N
bc, ρ

N
ca ≫ 1, φm

∆ will also approach a Gaussian
distribution with variance:

σ2
φm
∆
= (

√
2 ρNab)

−2 + (
√
2 ρNbc)

−2 + (
√
2 ρNca)

−2. (6)

The standard deviation due to thermal noise can be
further reduced while preserving phase coherency by
averaging independent measurements of φm

∆, yielding
σ2
φavg
∆

= σ2
φm
∆
/Nm, where, Nm is the number of inde-

pendent measurements. It may be noted that δφN
∆ on

antenna triads that share at most one antenna are still
considered uncorrelated, independent of ρNab [35].
Eq. (4) is valid when Eq. (2) is valid where the gain

terms are purely antenna-dependent, i.e., in the ab-
sence of any dependency on the antenna pair or baseline
that cannot be factorized into purely antenna-dependent
terms. Such baseline-dependent terms will be present
when mutual coupling across antennas and correlated er-
rors between the signal pathways of the antennas are sig-
nificant, which will introduce departures from Eq. (4)
that will depend on the magnitude of such effects. Pa-
per I presents a preliminary analysis of the magnitude of
baseline-based terms for HERA. In this paper, we ignore
baseline-dependent gain terms. We will explore this issue
in more detail in our forthcoming data analysis paper.

III. MODELING

We describe the instrument and sky model we adopt
to demonstrate our approach to EoR H i detection.

A. Instrument Model

We use the Hydrogen Epoch of Reionization Array
[HERA; 20, 39–42] as an example in demonstrating our
approach. Located at the Karoo desert in South Africa
at a latitude of −30.73◦, HERA will consist of 350 close-
packed 14 m dishes with the shortest antenna spacing
being 14.6 m. Its layout – a triple split-core hexagonal
grid – is optimized for both the redundant-spacing cali-
bration and the delay spectrum technique for detecting
the cosmic EoR H i 21 cm signal [43]. The HERA lay-
out offers redundant, independent measurements of φm

∆
on many classes of antenna triplets.

B. Sky Model and Noise

We construct an all-sky model that includes the real-
ization of a fiducial ‘faint galaxies’ EoR model [2] using
21cmFAST [44] and a radio foreground model that in-
cludes compact and diffuse synchrotron emission from
the Galaxy and extragalactic sources [18]. The models
chosen here are only for demonstrating the potential of
the technique which will be valid for other models as well.
Fig. 1 shows the amplitudes of the spatial coherence

spectra measured on three non-redundant 14.6 m an-
tenna spacings due to the sky (foreground synchrotron
and H i from the EoR) and thermal noise contributions
with 1 min integration. It is seen that the foreground con-
tributions exceed the EoR signal by a factor ∼ 104 as ex-
pected. It is also noted that 400 ! ρab, ρbc, ρca ! 1600,
which implies that fluctuations in φm

∆ caused by thermal
noise will follow a Gaussian distribution with standard
deviation given in Eq. 6.
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(a) Galactic Center field image (b) Galactic Center field closure phase

(c) 21 hr field image (d) 21 hr field closure phase

(e) 05 hr field image (f) 05 hr field closure phase

Figure 4. Top left: The HERA-47 image of the Galactic Center region at 150 MHz, with a synthesized
beam of FWHM = 380. Top right: Closure phase spectra on three representative triads averaged over 1 min:
black = short east-west (EWs), e.g., (0,1,2); red = 14m equilateral (EQ14), e.g., (0,1,12), and blue = 29m
equilateral (EQ29), e.g., (0,2,25). Middle: Same, but for the 21 hr source field. Bottom: Same, but for the
05 hr field. Note that the next brightest four or five sources (yellow to red) in the 21 hr and 05 hr fields have
plausible counterparts in the GMRT TGSS [?].

616

617

618

619

620

621

–18–

Confidential manuscript submitted to Radio Science

(a) Galactic Center field image (b) Galactic Center field closure phase

(c) 21 hr field image (d) 21 hr field closure phase

(e) 05 hr field image (f) 05 hr field closure phase

Figure 4. Top left: The HERA-47 image of the Galactic Center region at 150 MHz, with a synthesized
beam of FWHM = 380. Top right: Closure phase spectra on three representative triads averaged over 1 min:
black = short east-west (EWs), e.g., (0,1,2); red = 14m equilateral (EQ14), e.g., (0,1,12), and blue = 29m
equilateral (EQ29), e.g., (0,2,25). Middle: Same, but for the 21 hr source field. Bottom: Same, but for the
05 hr field. Note that the next brightest four or five sources (yellow to red) in the 21 hr and 05 hr fields have
plausible counterparts in the GMRT TGSS [?].
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II. INFORMATION IN BI-SPECTRUM PHASE

The bi-spectrum in the context of interferometry has
been investigated in [34–37] and recently revisited in [32].
It is defined as:

B∆(f) = Vab(f)Vbc(f)Vca(f), (1)

where, Vab(f) denotes the spatial coherence measured
between antennas a and b at frequeny f . If the in-
strument and/or ionosphere introduce complex antenna-
based gains denoted by ga at any antenna a, then:

V m
ab (f) = ga(f) g

∗
b (f)V

T
ab(f) + V N

ab(f), (2)

where, the measured spatial coherence, V m
ab (f), is the

sum of contributions from thermal-like noise, V N
ab(f), and

sky spatial coherence, V T
ab(f), corrupted by the antenna

gains. The corresponding bi-spectrum is given by:

Bm
∆ = |ga|2 |gb|2 |gc|2 BT

∆ + noise-like terms (3)

where, the dependence on f has been dropped for conve-
nience hereafter unless specifically indicated. All noise-
like terms on the R.H.S. are uncorrelated due to the pres-
ence of visibility noise term and average to zero. Hence,
⟨Bm

∆⟩ = ⟨|ga|2 |gb|2 |gc|2 BT
∆⟩. The phase of the measured

bi-spectrum is independent of the antenna gains and thus
identical to that of the true bi-spectrum corrupted only
by noise. Denoting the bi-spectrum phase as φ∆,

φm
∆ = φm

ab + φm
bc + φm

ca = φT
∆ + δφN

∆, (4)

where, δφN
ab is the perturbation due to thermal noise su-

perimposed on true phase, φm
ab = φa−φb+φT

ab+δφN
ab and

φa denote the phase of the measured spatial coherence
V m
ab and phase of complex antenna gain ga, respectively.
Defining the signal-to-noise ratio (SNR) in the spatial

coherence as ρNab = |V T
ab|/|V N

ab|, where, V N
ab includes both

real and imaginary parts, the probability distribution of
δφN

ab depends on ρNab as [38]:

P (δφN
ab) =

1

2π
e−(ρN

ab
)2
!

1 +G
√
π eG

2

(1 + erf G)
"

, (5)

where, G = G(δφN
ab) is defined by G(θ) = ρ cos θ, and erf

is the error function. For ρNab ≫ 1, P (δφN
ab) approaches

a Gaussian distribution with standard deviation, σφm
ab

=

(
√
2 ρNab)

−1. For ρNab = 0, P (δφN
ab) reduces to a uniform

distribution in [−π,π]. From Eq. (4), it can be seen that
for ρNab, ρ

N
bc, ρ

N
ca ≫ 1, φm

∆ will also approach a Gaussian
distribution with variance:

σ2
φm
∆
= (

√
2 ρNab)

−2 + (
√
2 ρNbc)

−2 + (
√
2 ρNca)

−2. (6)

The standard deviation due to thermal noise can be
further reduced while preserving phase coherency by
averaging independent measurements of φm

∆, yielding
σ2
φavg
∆

= σ2
φm
∆
/Nm, where, Nm is the number of inde-

pendent measurements. It may be noted that δφN
∆ on

antenna triads that share at most one antenna are still
considered uncorrelated, independent of ρNab [35].
Eq. (4) is valid when Eq. (2) is valid where the gain

terms are purely antenna-dependent, i.e., in the ab-
sence of any dependency on the antenna pair or baseline
that cannot be factorized into purely antenna-dependent
terms. Such baseline-dependent terms will be present
when mutual coupling across antennas and correlated er-
rors between the signal pathways of the antennas are sig-
nificant, which will introduce departures from Eq. (4)
that will depend on the magnitude of such effects. Pa-
per I presents a preliminary analysis of the magnitude of
baseline-based terms for HERA. In this paper, we ignore
baseline-dependent gain terms. We will explore this issue
in more detail in our forthcoming data analysis paper.

III. MODELING

We describe the instrument and sky model we adopt
to demonstrate our approach to EoR H i detection.

A. Instrument Model

We use the Hydrogen Epoch of Reionization Array
[HERA; 20, 39–42] as an example in demonstrating our
approach. Located at the Karoo desert in South Africa
at a latitude of −30.73◦, HERA will consist of 350 close-
packed 14 m dishes with the shortest antenna spacing
being 14.6 m. Its layout – a triple split-core hexagonal
grid – is optimized for both the redundant-spacing cali-
bration and the delay spectrum technique for detecting
the cosmic EoR H i 21 cm signal [43]. The HERA lay-
out offers redundant, independent measurements of φm

∆
on many classes of antenna triplets.

B. Sky Model and Noise

We construct an all-sky model that includes the real-
ization of a fiducial ‘faint galaxies’ EoR model [2] using
21cmFAST [44] and a radio foreground model that in-
cludes compact and diffuse synchrotron emission from
the Galaxy and extragalactic sources [18]. The models
chosen here are only for demonstrating the potential of
the technique which will be valid for other models as well.
Fig. 1 shows the amplitudes of the spatial coherence

spectra measured on three non-redundant 14.6 m an-
tenna spacings due to the sky (foreground synchrotron
and H i from the EoR) and thermal noise contributions
with 1 min integration. It is seen that the foreground con-
tributions exceed the EoR signal by a factor ∼ 104 as ex-
pected. It is also noted that 400 ! ρab, ρbc, ρca ! 1600,
which implies that fluctuations in φm

∆ caused by thermal
noise will follow a Gaussian distribution with standard
deviation given in Eq. 6.
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FIG. 1. Spatial coherence amplitude spectra measured on
three 14.6 m antenna spacings with different orientations are
shown in red, blue and cyan. The black curve shows the typ-
ical noise in the measured spatial coherence spectra obtained
with 1 min integration. The solid colored curves show am-
plitudes from all-sky foreground synchrotron from diffuse and
compact components. The dotted curves show the amplitudes
from EoR signal on the corresponding antenna spacings from
a fiducial model obtained using 21cmFAST. Typically, the
EoR signal is ! 104 times fainter than the foregrounds.

Fig. 2 shows the spectra of the bi-spectrum phase, φ∆,
for the foreground and EoR components separately. It is
clear that the foreground contributions to φ∆ are char-
acterized by a smoother spectrum while the EoR signal
is rapidly fluctuating in comparison. To identify with
Eq. 4, we write φm

∆ as:

φm
∆ =

!

φF
∆ + δφHi

∆

"

+ δφN
∆ (7)

where, the terms in the parenthesis are purely sky-based.
δφHi

∆ and δφHi

∆ are to be interpreted as perturbations due
to the H i and noise fluctuations respectively, relative to
the dominant phase from foregrounds, φF

∆.

IV. EXTRACTION OF THE COSMIC SIGNAL

The different spectral characteristics – smooth φF
∆ and

fluctuating δφHi

∆ – indicate that techniques similar to the
power spectrum approaches could be employed to sepa-
rate the cosmic signal from foregrounds but avoiding the
need for high-precision spectral calibration that most ex-
isting approaches rely on.
If a number of independent measurements are avail-

able, they could be used to average φm
∆ to reduce the

standard deviation of δφN
∆ by taking advantage of its

Gaussian distribution, in estimating φT
∆ with reduced un-

certainty. When δφN
∆ is sufficiently low, δφHi

∆ will dom-
inate the spectral fluctuations in φm

∆, while φF
∆ will be

dominant overall but spectrally smooth. Then the stan-
dard deviation in φm

∆ will be similar in form to Eq. (6):

σ2
φm
∆
= (

√
2 ρHi

ab)
−2 + (

√
2 ρHi

bc )
−2 + (

√
2 ρHi

ca)
−2. (8)
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FIG. 2. Closure phase spectra of individual components in
the sky model – single point source (cyan) with φ∆ = 0,
compact sources (green), diffuse foregrounds (blue), all-sky
diffuse and compact components combined (red), and the EoR
H i fluctuations (gray) – for an equilateral triad of side 14.6 m
in the HERA-19 layout highlighted in the upper right corner.
It is seen that the EoR signal is highly fluctuating relative to
all the foreground components. The sharp sign transitions at
φ∆ = ±π are phase wraps and are not of a physical origin.

where, ρHi

ab = |V T
ab|/|V Hi

ab | ≈ |V F
ab|/|V Hi

ab |. Here, V F
ab de-

notes the contributions from the foregrounds to the spa-
tial coherence spectrum. This approximation is usually
valid because ρHi

ab ≫ 1 (expected to be ∼ 104).
Thus, when ρHi

ab < ρNab, σφm
∆

can be used to estimate
|V F

ab|/|V Hi

ab |, which in turn can be used to infer |V Hi

ab | if
V F
ab is known. This is directly related to the EoR H i

brightness temperature, THi

b , as a function of frequency,
or redshift. The accuracy in THi

b (z) estimate will be set
by the accuracy of the V F

ab model.

A. EoR window and Foreground wedge

While any method that relies on separating a signal
from contaminants using differences in spectral charac-
teristics is applicable, we employ the Delay Spectrum ap-
proach [45, 46]. Since the φ∆ spectrum can wrap around
the boundaries at ±π, a Fourier transform of this quan-
tity will introduce non-physical spectral structure. We
define ξ∆ = eiφ∆ , which eliminates the effects of sharp
sign transitions at φ∆ = ±π. We perform a delay trans-
form as follows:

Ξ∆(τ) =

#

ξ∆(f)W (f) ei2πfτ df, (9)

where, W (f) is a spectral weighting function that can
be chosen to control the quality of the delay spectrum
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FIG. 1. Spatial coherence amplitude spectra measured on
three 14.6 m antenna spacings with different orientations are
shown in red, blue and cyan. The black curve shows the typ-
ical noise in the measured spatial coherence spectra obtained
with 1 min integration. The solid colored curves show am-
plitudes from all-sky foreground synchrotron from diffuse and
compact components. The dotted curves show the amplitudes
from EoR signal on the corresponding antenna spacings from
a fiducial model obtained using 21cmFAST. Typically, the
EoR signal is ! 104 times fainter than the foregrounds.

Fig. 2 shows the spectra of the bi-spectrum phase, φ∆,
for the foreground and EoR components separately. It is
clear that the foreground contributions to φ∆ are char-
acterized by a smoother spectrum while the EoR signal
is rapidly fluctuating in comparison. To identify with
Eq. 4, we write φm

∆ as:

φm
∆ =

!

φF
∆ + δφHi

∆

"

+ δφN
∆ (7)

where, the terms in the parenthesis are purely sky-based.
δφHi

∆ and δφHi

∆ are to be interpreted as perturbations due
to the H i and noise fluctuations respectively, relative to
the dominant phase from foregrounds, φF

∆.

IV. EXTRACTION OF THE COSMIC SIGNAL

The different spectral characteristics – smooth φF
∆ and

fluctuating δφHi

∆ – indicate that techniques similar to the
power spectrum approaches could be employed to sepa-
rate the cosmic signal from foregrounds but avoiding the
need for high-precision spectral calibration that most ex-
isting approaches rely on.
If a number of independent measurements are avail-

able, they could be used to average φm
∆ to reduce the

standard deviation of δφN
∆ by taking advantage of its

Gaussian distribution, in estimating φT
∆ with reduced un-

certainty. When δφN
∆ is sufficiently low, δφHi

∆ will dom-
inate the spectral fluctuations in φm

∆, while φF
∆ will be

dominant overall but spectrally smooth. Then the stan-
dard deviation in φm

∆ will be similar in form to Eq. (6):

σ2
φm
∆
= (

√
2 ρHi

ab)
−2 + (
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−2 + (
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FIG. 2. Closure phase spectra of individual components in
the sky model – single point source (cyan) with φ∆ = 0,
compact sources (green), diffuse foregrounds (blue), all-sky
diffuse and compact components combined (red), and the EoR
H i fluctuations (gray) – for an equilateral triad of side 14.6 m
in the HERA-19 layout highlighted in the upper right corner.
It is seen that the EoR signal is highly fluctuating relative to
all the foreground components. The sharp sign transitions at
φ∆ = ±π are phase wraps and are not of a physical origin.

where, ρHi

ab = |V T
ab|/|V Hi

ab | ≈ |V F
ab|/|V Hi

ab |. Here, V F
ab de-

notes the contributions from the foregrounds to the spa-
tial coherence spectrum. This approximation is usually
valid because ρHi

ab ≫ 1 (expected to be ∼ 104).
Thus, when ρHi

ab < ρNab, σφm
∆

can be used to estimate
|V F

ab|/|V Hi

ab |, which in turn can be used to infer |V Hi

ab | if
V F
ab is known. This is directly related to the EoR H i

brightness temperature, THi

b , as a function of frequency,
or redshift. The accuracy in THi

b (z) estimate will be set
by the accuracy of the V F

ab model.

A. EoR window and Foreground wedge

While any method that relies on separating a signal
from contaminants using differences in spectral charac-
teristics is applicable, we employ the Delay Spectrum ap-
proach [45, 46]. Since the φ∆ spectrum can wrap around
the boundaries at ±π, a Fourier transform of this quan-
tity will introduce non-physical spectral structure. We
define ξ∆ = eiφ∆ , which eliminates the effects of sharp
sign transitions at φ∆ = ±π. We perform a delay trans-
form as follows:

Ξ∆(τ) =

#

ξ∆(f)W (f) ei2πfτ df, (9)

where, W (f) is a spectral weighting function that can
be chosen to control the quality of the delay spectrum
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FIG. 1. Spatial coherence amplitude spectra measured on
three 14.6 m antenna spacings with different orientations are
shown in red, blue and cyan. The black curve shows the typ-
ical noise in the measured spatial coherence spectra obtained
with 1 min integration. The solid colored curves show am-
plitudes from all-sky foreground synchrotron from diffuse and
compact components. The dotted curves show the amplitudes
from EoR signal on the corresponding antenna spacings from
a fiducial model obtained using 21cmFAST. Typically, the
EoR signal is ! 104 times fainter than the foregrounds.

Fig. 2 shows the spectra of the bi-spectrum phase, φ∆,
for the foreground and EoR components separately. It is
clear that the foreground contributions to φ∆ are char-
acterized by a smoother spectrum while the EoR signal
is rapidly fluctuating in comparison. To identify with
Eq. 4, we write φm

∆ as:

φm
∆ =

!

φF
∆ + δφHi

∆

"

+ δφN
∆ (7)

where, the terms in the parenthesis are purely sky-based.
δφHi

∆ and δφHi

∆ are to be interpreted as perturbations due
to the H i and noise fluctuations respectively, relative to
the dominant phase from foregrounds, φF

∆.

IV. EXTRACTION OF THE COSMIC SIGNAL

The different spectral characteristics – smooth φF
∆ and

fluctuating δφHi

∆ – indicate that techniques similar to the
power spectrum approaches could be employed to sepa-
rate the cosmic signal from foregrounds but avoiding the
need for high-precision spectral calibration that most ex-
isting approaches rely on.
If a number of independent measurements are avail-

able, they could be used to average φm
∆ to reduce the

standard deviation of δφN
∆ by taking advantage of its

Gaussian distribution, in estimating φT
∆ with reduced un-

certainty. When δφN
∆ is sufficiently low, δφHi

∆ will dom-
inate the spectral fluctuations in φm

∆, while φF
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FIG. 2. Closure phase spectra of individual components in
the sky model – single point source (cyan) with φ∆ = 0,
compact sources (green), diffuse foregrounds (blue), all-sky
diffuse and compact components combined (red), and the EoR
H i fluctuations (gray) – for an equilateral triad of side 14.6 m
in the HERA-19 layout highlighted in the upper right corner.
It is seen that the EoR signal is highly fluctuating relative to
all the foreground components. The sharp sign transitions at
φ∆ = ±π are phase wraps and are not of a physical origin.

where, ρHi
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ab |. Here, V F
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notes the contributions from the foregrounds to the spa-
tial coherence spectrum. This approximation is usually
valid because ρHi

ab ≫ 1 (expected to be ∼ 104).
Thus, when ρHi

ab < ρNab, σφm
∆

can be used to estimate
|V F

ab|/|V Hi

ab |, which in turn can be used to infer |V Hi

ab | if
V F
ab is known. This is directly related to the EoR H i

brightness temperature, THi

b , as a function of frequency,
or redshift. The accuracy in THi

b (z) estimate will be set
by the accuracy of the V F

ab model.

A. EoR window and Foreground wedge

While any method that relies on separating a signal
from contaminants using differences in spectral charac-
teristics is applicable, we employ the Delay Spectrum ap-
proach [45, 46]. Since the φ∆ spectrum can wrap around
the boundaries at ±π, a Fourier transform of this quan-
tity will introduce non-physical spectral structure. We
define ξ∆ = eiφ∆ , which eliminates the effects of sharp
sign transitions at φ∆ = ±π. We perform a delay trans-
form as follows:

Ξ∆(τ) =

#

ξ∆(f)W (f) ei2πfτ df, (9)

where, W (f) is a spectral weighting function that can
be chosen to control the quality of the delay spectrum
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FIG. 1. Spatial coherence amplitude spectra measured on
three 14.6 m antenna spacings with different orientations are
shown in red, blue and cyan. The black curve shows the typ-
ical noise in the measured spatial coherence spectra obtained
with 1 min integration. The solid colored curves show am-
plitudes from all-sky foreground synchrotron from diffuse and
compact components. The dotted curves show the amplitudes
from EoR signal on the corresponding antenna spacings from
a fiducial model obtained using 21cmFAST. Typically, the
EoR signal is ! 104 times fainter than the foregrounds.
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While any method that relies on separating a signal
from contaminants using differences in spectral charac-
teristics is applicable, we employ the Delay Spectrum ap-
proach [45, 46]. Since the φ∆ spectrum can wrap around
the boundaries at ±π, a Fourier transform of this quan-
tity will introduce non-physical spectral structure. We
define ξ∆ = eiφ∆ , which eliminates the effects of sharp
sign transitions at φ∆ = ±π. We perform a delay trans-
form as follows:
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where, W (f) is a spectral weighting function that can
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[16, 20] and has a width Beff, the effective bandwidth.
From Eq. (4), ξ∆ = eiφab eiφbc eiφca . Hence,

Ξ∆(τ) = Ξab(τ) ⋆ Ξbc(τ) ⋆ Ξca(τ) ⋆W(τ), (10)

where, {ξab(f), Ξab(τ)}, and {W (f), W(τ)} are delay-
transform pairs, and ⋆ denotes convolution.
Foreground contributions to spatial coherence are ex-

pected to be restricted to a wedge-shaped region in
three-dimensional wavenumber (k) coordinates [16, 18–
20, 22, 46–58]. The maximum extent along τ (∝ k∥) to
which foreground contribution in spatial coherence ex-
tends is a direct measure of the fastest spectral variation
in the foreground component. This maximum delay is
proportional to the spacing between antennas (∝ k⊥)
measuring the spatial coherence. This gives rise to the
foreground wedge. Eq. (10) shows that Ξ∆(τ) results from
the convolution of the delay spectrum responses of the
phases of spatial coherence of three antenna spacings.
Thus, Ξ∆(τ) will also exhibit a corresponding wedge-like
behavior corresponding to modes:

|τF| !
|bab|+ |bbc|+ |bca|

c
+

1

Beff
, (11)

where, bab, bbc, and bca are the three antenna spacings,
and the last term represents the width added by the con-
volution with W(τ). The presence of three antenna spac-
ings makes their correspondence with k⊥ not straightfor-
ward unlike in a power spectrum approach. The maxi-
mum k∥-mode of foreground contamination extends far-
ther than in a power spectrum approach and the EoR
window shrinks correspondingly along k∥. However, the
EoR window still has a finite extent in which the spectral
features imprinted by δφHi

∆ dominate, and contamination
from φF

∆ is minimal, in k∥-modes corresponding to:

|τF| < |τ | ≤ 1/(2∆f), (12)

where, ∆f is the frequency resolution, and 1/(2∆f)
denotes the shortest line-of-sight spatial, or largest k∥,
modes in the measurements.
To use existing definitions, we assign an amplitude of

1 Jy to ξ∆(f) and define its delay cross-power spectrum
as [18, 45]:

P∆(k∥) ≡ Re

!

Ξ∆(τ)Ξ
∗
∆′ (τ)

"

D2∆D

ΩB2
eff

#

λ2

2kB

$2

, (13)

where, Re{·} denotes the real part, Beff is the bandwidth,
λ is the wavelength of the band center, kB is the Boltz-
mann constant, k⊥ and k∥ are the transverse and line-of-
sight wavenumbers respectively, f21 is the restframe fre-
quency of H i 21 cm spin-flip transition, z is the redshift,
D ≡ D(z) is the transverse comoving distance, and ∆D
is the comoving depth along the line of sight correspond-
ing to Beff. In this paper, we use cosmological parameters
from [59]. When Ξ∆(τ) and Ξ∆′(τ) are identical, P∆(k∥)
reduces to delay auto-power spectrum. In §IVB, we de-
scribe how Eq. (13) may be used in different contexts. In

Eq. (13), P∆(k∥) is in units of K2(h−1 Mpc)3, but these
units are relative since the amplitude of ξ∆(f) was chosen
arbitrarily.

B. Improving signal to noise in measurements

We require σφHi

∆
> σφN

∆
such that φF

∆, δφ
Hi

∆ > δφN
∆ in or-

der to detect EoR and estimate ρHi

ab. This can be achieved
by a combination of the following.

1. Spatial Coherence and Bi-spectrum Phase Averaging

If antenna-based gains are temporally stable, uncali-
brated spatial coherence can be averaged over the phase
coherence timescale, which is usually determined by field
of view and antenna spacing, or the timescale of iono-
spheric and/or instrumental fluctuations, whichever is
lesser. This will provide the initial ρNab and will serve
as a basic measurement unit upon which the S/N can be
further improved using the following steps.
Even if the antenna-based gains vary temporally, their

bi-spectrum phase spectra can be averaged until the vari-
ation due to the sky as it transits exceeds the decrease in
noise due to averaging [32]. For HERA, an Allan Vari-
ance calculation showed this timescale to be ! 2 min.

2. Averaging in local sidereal time from day to day

Since the visible sky will repeat its transit day-to-day
at a given local sidereal time (LST), φF

∆ and δφHi

∆ will
remain invariant whereas δφN

∆ will vary independently
across these observations. This allows for lowering of
σφm

∆
by coherent averaging of φm

∆.
Day-to-day variations in ionosphere or antenna gains

will not affect φm
∆ measured over different days as long

as the array size is small compared to the predominant
spatial scales in the ionospheric variations. For example,
this has been observed to be the case for HERA [32]. In
such scenarios, φm

∆ can be averaged across multiple days
at a fixed LST before computing P∆(k∥) in Eq. (13),
where Ξ∆(τ) = Ξ∗

∆′(τ).

3. Averaging antenna triads

Depending on the degree of similarity of responses of
different antenna triads, the measurements across these
triads can be averaged coherently in φm

∆ or incoherently
in P∆(k∥). If the triads are identical, they will measure
identical φm

∆. This will require redundant placement of
antennas such as HERA. Non-redundant spacings of an-
tennas or slight dissimilarities between antenna charac-
teristics or position errors even in supposedly redundant
arrays will mean φm

∆ cannot be averaged coherently. In

4

[16, 20] and has a width Beff, the effective bandwidth.
From Eq. (4), ξ∆ = eiφab eiφbc eiφca . Hence,

Ξ∆(τ) = Ξab(τ) ⋆ Ξbc(τ) ⋆ Ξca(τ) ⋆W(τ), (10)

where, {ξab(f), Ξab(τ)}, and {W (f), W(τ)} are delay-
transform pairs, and ⋆ denotes convolution.
Foreground contributions to spatial coherence are ex-

pected to be restricted to a wedge-shaped region in
three-dimensional wavenumber (k) coordinates [16, 18–
20, 22, 46–58]. The maximum extent along τ (∝ k∥) to
which foreground contribution in spatial coherence ex-
tends is a direct measure of the fastest spectral variation
in the foreground component. This maximum delay is
proportional to the spacing between antennas (∝ k⊥)
measuring the spatial coherence. This gives rise to the
foreground wedge. Eq. (10) shows that Ξ∆(τ) results from
the convolution of the delay spectrum responses of the
phases of spatial coherence of three antenna spacings.
Thus, Ξ∆(τ) will also exhibit a corresponding wedge-like
behavior corresponding to modes:

|τF| !
|bab|+ |bbc|+ |bca|

c
+

1

Beff
, (11)

where, bab, bbc, and bca are the three antenna spacings,
and the last term represents the width added by the con-
volution with W(τ). The presence of three antenna spac-
ings makes their correspondence with k⊥ not straightfor-
ward unlike in a power spectrum approach. The maxi-
mum k∥-mode of foreground contamination extends far-
ther than in a power spectrum approach and the EoR
window shrinks correspondingly along k∥. However, the
EoR window still has a finite extent in which the spectral
features imprinted by δφHi

∆ dominate, and contamination
from φF

∆ is minimal, in k∥-modes corresponding to:

|τF| < |τ | ≤ 1/(2∆f), (12)

where, ∆f is the frequency resolution, and 1/(2∆f)
denotes the shortest line-of-sight spatial, or largest k∥,
modes in the measurements.
To use existing definitions, we assign an amplitude of

1 Jy to ξ∆(f) and define its delay cross-power spectrum
as [18, 45]:

P∆(k∥) ≡ Re

!

Ξ∆(τ)Ξ
∗
∆′ (τ)

"

D2∆D

ΩB2
eff

#

λ2

2kB

$2

, (13)

where, Re{·} denotes the real part, Beff is the bandwidth,
λ is the wavelength of the band center, kB is the Boltz-
mann constant, k⊥ and k∥ are the transverse and line-of-
sight wavenumbers respectively, f21 is the restframe fre-
quency of H i 21 cm spin-flip transition, z is the redshift,
D ≡ D(z) is the transverse comoving distance, and ∆D
is the comoving depth along the line of sight correspond-
ing to Beff. In this paper, we use cosmological parameters
from [59]. When Ξ∆(τ) and Ξ∆′(τ) are identical, P∆(k∥)
reduces to delay auto-power spectrum. In §IVB, we de-
scribe how Eq. (13) may be used in different contexts. In

Eq. (13), P∆(k∥) is in units of K2(h−1 Mpc)3, but these
units are relative since the amplitude of ξ∆(f) was chosen
arbitrarily.

B. Improving signal to noise in measurements

We require σφHi

∆
> σφN

∆
such that φF

∆, δφ
Hi

∆ > δφN
∆ in or-

der to detect EoR and estimate ρHi

ab. This can be achieved
by a combination of the following.

1. Spatial Coherence and Bi-spectrum Phase Averaging

If antenna-based gains are temporally stable, uncali-
brated spatial coherence can be averaged over the phase
coherence timescale, which is usually determined by field
of view and antenna spacing, or the timescale of iono-
spheric and/or instrumental fluctuations, whichever is
lesser. This will provide the initial ρNab and will serve
as a basic measurement unit upon which the S/N can be
further improved using the following steps.
Even if the antenna-based gains vary temporally, their

bi-spectrum phase spectra can be averaged until the vari-
ation due to the sky as it transits exceeds the decrease in
noise due to averaging [32]. For HERA, an Allan Vari-
ance calculation showed this timescale to be ! 2 min.

2. Averaging in local sidereal time from day to day

Since the visible sky will repeat its transit day-to-day
at a given local sidereal time (LST), φF

∆ and δφHi

∆ will
remain invariant whereas δφN

∆ will vary independently
across these observations. This allows for lowering of
σφm

∆
by coherent averaging of φm

∆.
Day-to-day variations in ionosphere or antenna gains

will not affect φm
∆ measured over different days as long

as the array size is small compared to the predominant
spatial scales in the ionospheric variations. For example,
this has been observed to be the case for HERA [32]. In
such scenarios, φm

∆ can be averaged across multiple days
at a fixed LST before computing P∆(k∥) in Eq. (13),
where Ξ∆(τ) = Ξ∗

∆′(τ).

3. Averaging antenna triads

Depending on the degree of similarity of responses of
different antenna triads, the measurements across these
triads can be averaged coherently in φm

∆ or incoherently
in P∆(k∥). If the triads are identical, they will measure
identical φm

∆. This will require redundant placement of
antennas such as HERA. Non-redundant spacings of an-
tennas or slight dissimilarities between antenna charac-
teristics or position errors even in supposedly redundant
arrays will mean φm

∆ cannot be averaged coherently. In

4

[16, 20] and has a width Beff, the effective bandwidth.
From Eq. (4), ξ∆ = eiφab eiφbc eiφca . Hence,

Ξ∆(τ) = Ξab(τ) ⋆ Ξbc(τ) ⋆ Ξca(τ) ⋆W(τ), (10)

where, {ξab(f), Ξab(τ)}, and {W (f), W(τ)} are delay-
transform pairs, and ⋆ denotes convolution.
Foreground contributions to spatial coherence are ex-

pected to be restricted to a wedge-shaped region in
three-dimensional wavenumber (k) coordinates [16, 18–
20, 22, 46–58]. The maximum extent along τ (∝ k∥) to
which foreground contribution in spatial coherence ex-
tends is a direct measure of the fastest spectral variation
in the foreground component. This maximum delay is
proportional to the spacing between antennas (∝ k⊥)
measuring the spatial coherence. This gives rise to the
foreground wedge. Eq. (10) shows that Ξ∆(τ) results from
the convolution of the delay spectrum responses of the
phases of spatial coherence of three antenna spacings.
Thus, Ξ∆(τ) will also exhibit a corresponding wedge-like
behavior corresponding to modes:

|τF| !
|bab|+ |bbc|+ |bca|

c
+

1

Beff
, (11)

where, bab, bbc, and bca are the three antenna spacings,
and the last term represents the width added by the con-
volution with W(τ). The presence of three antenna spac-
ings makes their correspondence with k⊥ not straightfor-
ward unlike in a power spectrum approach. The maxi-
mum k∥-mode of foreground contamination extends far-
ther than in a power spectrum approach and the EoR
window shrinks correspondingly along k∥. However, the
EoR window still has a finite extent in which the spectral
features imprinted by δφHi

∆ dominate, and contamination
from φF

∆ is minimal, in k∥-modes corresponding to:

|τF| < |τ | ≤ 1/(2∆f), (12)

where, ∆f is the frequency resolution, and 1/(2∆f)
denotes the shortest line-of-sight spatial, or largest k∥,
modes in the measurements.
To use existing definitions, we assign an amplitude of

1 Jy to ξ∆(f) and define its delay cross-power spectrum
as [18, 45]:

P∆(k∥) ≡ Re

!

Ξ∆(τ)Ξ
∗
∆′ (τ)

"

D2∆D

ΩB2
eff

#

λ2

2kB

$2

, (13)

where, Re{·} denotes the real part, Beff is the bandwidth,
λ is the wavelength of the band center, kB is the Boltz-
mann constant, k⊥ and k∥ are the transverse and line-of-
sight wavenumbers respectively, f21 is the restframe fre-
quency of H i 21 cm spin-flip transition, z is the redshift,
D ≡ D(z) is the transverse comoving distance, and ∆D
is the comoving depth along the line of sight correspond-
ing to Beff. In this paper, we use cosmological parameters
from [59]. When Ξ∆(τ) and Ξ∆′(τ) are identical, P∆(k∥)
reduces to delay auto-power spectrum. In §IVB, we de-
scribe how Eq. (13) may be used in different contexts. In

Eq. (13), P∆(k∥) is in units of K2(h−1 Mpc)3, but these
units are relative since the amplitude of ξ∆(f) was chosen
arbitrarily.

B. Improving signal to noise in measurements

We require σφHi

∆
> σφN

∆
such that φF

∆, δφ
Hi

∆ > δφN
∆ in or-

der to detect EoR and estimate ρHi

ab. This can be achieved
by a combination of the following.

1. Spatial Coherence and Bi-spectrum Phase Averaging

If antenna-based gains are temporally stable, uncali-
brated spatial coherence can be averaged over the phase
coherence timescale, which is usually determined by field
of view and antenna spacing, or the timescale of iono-
spheric and/or instrumental fluctuations, whichever is
lesser. This will provide the initial ρNab and will serve
as a basic measurement unit upon which the S/N can be
further improved using the following steps.
Even if the antenna-based gains vary temporally, their

bi-spectrum phase spectra can be averaged until the vari-
ation due to the sky as it transits exceeds the decrease in
noise due to averaging [32]. For HERA, an Allan Vari-
ance calculation showed this timescale to be ! 2 min.

2. Averaging in local sidereal time from day to day

Since the visible sky will repeat its transit day-to-day
at a given local sidereal time (LST), φF

∆ and δφHi

∆ will
remain invariant whereas δφN

∆ will vary independently
across these observations. This allows for lowering of
σφm

∆
by coherent averaging of φm

∆.
Day-to-day variations in ionosphere or antenna gains

will not affect φm
∆ measured over different days as long

as the array size is small compared to the predominant
spatial scales in the ionospheric variations. For example,
this has been observed to be the case for HERA [32]. In
such scenarios, φm

∆ can be averaged across multiple days
at a fixed LST before computing P∆(k∥) in Eq. (13),
where Ξ∆(τ) = Ξ∗

∆′(τ).

3. Averaging antenna triads

Depending on the degree of similarity of responses of
different antenna triads, the measurements across these
triads can be averaged coherently in φm

∆ or incoherently
in P∆(k∥). If the triads are identical, they will measure
identical φm

∆. This will require redundant placement of
antennas such as HERA. Non-redundant spacings of an-
tennas or slight dissimilarities between antenna charac-
teristics or position errors even in supposedly redundant
arrays will mean φm

∆ cannot be averaged coherently. In

FG	  
wedge	  

FG	  
wedge	  

FG	  
wedge	  

Spec.	  
Window	  *	   *	   *	  

Triply	  convolved	  FG	  wedge	   Not	  same	  as	  cosmological	  bi-‐spectrum	  analysis	  
•  Bi-‐spectrum	  is	  non-‐zero	  for	  Gaussian	  field	  
•  Isotropic	  fluctua'ons	  average	  to	  zero	  over	  

different	  triads	  of	  k-‐modes	  
•  We	  consider	  only	  bi-‐spectrum	  phase	  
•  We	  average	  different	  triads	  only	  in	  power	  

spectrum	  of	  bi-‐spectrum	  phase	  



Detec'on	  of	  EoR	  HI	  Fluctua'ons	  

5

such a scenario, assuming the non-redundancy is random
across the different antenna triads, the effective thermal
noise contribution and statistical variations across tri-
ads can still be reduced by incoherent averaging using
Ξ∆(τ) and Ξ∗

∆′(τ) from triad pairs ∆ and ∆′ respec-
tively. Measurements across more triad classes – equilat-
eral, isosceles, and scalene – and baseline lengths, could
be used to average incoherently in power spectrum to
further improve sensitivity analogous to one-dimensional
power spectrum approaches.

4. Averaging contiguous scans

Measurements spaced in time larger than the coherence
timescale in §IVB 1 will be incoherent. However, since
the EoR signal is statistically isotropic in space while the
foregrounds are not, such measurements can be used to
first compute the individual delay cross-power spectra,
P∆(k∥) pairwise across temporally spaced measurements
Ξ∆(τ) and Ξ∗

∆′(τ) and then be averaged incoherently.

C. Detection of Cosmic Reionization

One of the primary applications of this technique is
to detect EoR. This is generically applicable to any in-
terferometer array. In this paper, we use the following
parameters and the HERA instrument model to demon-
strate the potential of this technique.
We consider the spectral band 100–200 MHz divided

into 512 spectral channels, each 195.3125 kHz wide.
Using a simulated HERA antenna power pattern [39],
we used PRISim [60] to simulate the synchrotron fore-
grounds, an EoR model, and thermal noise as described
in §III and obtain V F

ab(f), V
Hi

ab (f), and V N
ab(f), on var-

ious antenna spacings for a conservative phase-coherent
integration interval of 1 min (see §IVB1) [32]. These
are shown in Fig. 1, indicating 400 ! ρNab ! 1200 and
are in the high S/N regime, where δφN

ab and δφN
∆ are well

approximated by a Gaussian distribution.
For bi-spectrum phase, we consider 14.6 m equilateral

antenna triads. For simplicity, we assume that all such
triads are ideally redundant in φm

∆, only differing by un-
correlated thermal noise, δφT

∆. The total number of such
measurements is assumed to be Nm ∼ 106 (after allowing
for ∼ 50% efficiency of data quality from ∼ 30 redun-
dant 14.6 m equilateral triads with HERA-47, ∼ 8 hours
of observing per day at 1 min integration intervals, re-
peated over ∼ 150 nights). For each of these measure-
ments, δφN

∆ was drawn from a Gaussian distribution us-
ing σφN

∆
in Eq. (6). As various combinations of coherent

and incoherent averaging depend on the specific instru-
ment characteristics, we keep this analysis generic by as-
suming there are Nc coherent measurements of φm

∆ and
for each of these measurements, there are Nic incoherent
measurements such that NcNic = Nm. φm

∆ is averaged

coherently over Nc measurements, and then averaged in-
coherently in P∆(k∥) measured for all incoherent pairs of
φm
∆. For computing Ξ∆(τ), we choose W (f) by applying

inverse Fourier transform of the squared delay response
of a Blackman-Harris spectral window [61] as proposed
in [20], using a sub-band centered at 150 MHz, and an
effective bandwidth of Beff ≃ 10 MHz (to minimize EoR
signal evolution over the redshift range).
Fig. 3 shows the delay power spectrum, P∆(k∥), of φ

m
∆

obtained for the 150 MHz sub-band, a conservative initial
S/N, ρNab = 400, for these chosen parameters. The verti-
cal lines show the boundaries of the foreground wedge (see
§IVA, Eq. (11)) and the foreground contributions decline
rapidly beyond these boundaries. In the EoR window at
|k∥| " 0.5 hMpc−1, the contributions from the cosmolog-
ical H i fluctuations, δφHi

∆ , dominate over φF
∆ + δφN

∆. It
clearly shows that Nm used in this example is sufficient
to make ρNab < ρHi

ab and the cosmic signal detectable in
individual line-of-sight modes, |k∥| " 0.5 h Mpc−1.
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FIG. 3. Delay power spectra of simulated bi-spectrum phases
that include contributions from foregrounds, EoR signal, and
thermal noise. The vertical dashed black lines delineate the
foreground wedge (see Eq. (11)). The red curve denotes when
only foregrounds are present, φm

∆ = φF
∆. The anisotropic fore-

ground model employed [18] results in the asymmetry around
k∥ = 0. The orange curve is for thermal noise superimposed
on the foreground component, φm

∆ = φF
∆ + δφN

∆, after aver-
aging Nm ∼ 106 measurements. The black dotted curve is
when contribution from a fiducial EoR model is also present,
φm
∆ = φF

∆ + δφHi

∆ + δφN
∆, after averaging same number of

measurements. The black dashed curve is the same as the
black dotted curve except the fiducial EoR model is 10 times
stronger in intensity. With sufficient mitigation of thermal
noise fluctuations, the EoR contribution is significantly de-
tectable at |k∥| " 0.5 h Mpc−1. The significance of the de-
tection depends on the strength of EoR H i emission relative
to the foregrounds. An increase in EoR strength by a fac-
tor of 10 shows a ∼ 100-fold increase in power spectrum in
the EoR window, indicating its sensitive dependence on ρHi

ab.
Thus, the cosmological H i brightness temperature, THi

b (z),
can be inferred if a reliable foreground model is available.

Detec'on:	  
•  EoR	  HI	  signal	  may	  be	  

detectable	  at	  k||	  >	  0.5	  h	  Mpc-‐1	  
•  Separa'on	  measures	  line-‐

con'nuum	  ra'o	  
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FIG. 1. Spatial coherence amplitude spectra measured on
three 14.6 m antenna spacings with different orientations are
shown in red, blue and cyan. The black curve shows the typ-
ical noise in the measured spatial coherence spectra obtained
with 1 min integration. The solid colored curves show am-
plitudes from all-sky foreground synchrotron from diffuse and
compact components. The dotted curves show the amplitudes
from EoR signal on the corresponding antenna spacings from
a fiducial model obtained using 21cmFAST. Typically, the
EoR signal is ! 104 times fainter than the foregrounds.

Fig. 2 shows the spectra of the bi-spectrum phase, φ∆,
for the foreground and EoR components separately. It is
clear that the foreground contributions to φ∆ are char-
acterized by a smoother spectrum while the EoR signal
is rapidly fluctuating in comparison. To identify with
Eq. 4, we write φm

∆ as:

φm
∆ =

!

φF
∆ + δφHi

∆

"

+ δφN
∆ (7)

where, the terms in the parenthesis are purely sky-based.
δφHi

∆ and δφHi

∆ are to be interpreted as perturbations due
to the H i and noise fluctuations respectively, relative to
the dominant phase from foregrounds, φF

∆.

IV. EXTRACTION OF THE COSMIC SIGNAL

The different spectral characteristics – smooth φF
∆ and

fluctuating δφHi

∆ – indicate that techniques similar to the
power spectrum approaches could be employed to sepa-
rate the cosmic signal from foregrounds but avoiding the
need for high-precision spectral calibration that most ex-
isting approaches rely on.
If a number of independent measurements are avail-

able, they could be used to average φm
∆ to reduce the

standard deviation of δφN
∆ by taking advantage of its

Gaussian distribution, in estimating φT
∆ with reduced un-

certainty. When δφN
∆ is sufficiently low, δφHi

∆ will dom-
inate the spectral fluctuations in φm

∆, while φF
∆ will be

dominant overall but spectrally smooth. Then the stan-
dard deviation in φm

∆ will be similar in form to Eq. (6):

σ2
φm
∆
= (

√
2 ρHi

ab)
−2 + (

√
2 ρHi

bc )
−2 + (

√
2 ρHi

ca)
−2. (8)
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FIG. 2. Closure phase spectra of individual components in
the sky model – single point source (cyan) with φ∆ = 0,
compact sources (green), diffuse foregrounds (blue), all-sky
diffuse and compact components combined (red), and the EoR
H i fluctuations (gray) – for an equilateral triad of side 14.6 m
in the HERA-19 layout highlighted in the upper right corner.
It is seen that the EoR signal is highly fluctuating relative to
all the foreground components. The sharp sign transitions at
φ∆ = ±π are phase wraps and are not of a physical origin.

where, ρHi

ab = |V T
ab|/|V Hi

ab | ≈ |V F
ab|/|V Hi

ab |. Here, V F
ab de-

notes the contributions from the foregrounds to the spa-
tial coherence spectrum. This approximation is usually
valid because ρHi

ab ≫ 1 (expected to be ∼ 104).
Thus, when ρHi

ab < ρNab, σφm
∆

can be used to estimate
|V F

ab|/|V Hi

ab |, which in turn can be used to infer |V Hi

ab | if
V F
ab is known. This is directly related to the EoR H i

brightness temperature, THi

b , as a function of frequency,
or redshift. The accuracy in THi

b (z) estimate will be set
by the accuracy of the V F

ab model.

A. EoR window and Foreground wedge

While any method that relies on separating a signal
from contaminants using differences in spectral charac-
teristics is applicable, we employ the Delay Spectrum ap-
proach [45, 46]. Since the φ∆ spectrum can wrap around
the boundaries at ±π, a Fourier transform of this quan-
tity will introduce non-physical spectral structure. We
define ξ∆ = eiφ∆ , which eliminates the effects of sharp
sign transitions at φ∆ = ±π. We perform a delay trans-
form as follows:

Ξ∆(τ) =

#

ξ∆(f)W (f) ei2πfτ df, (9)

where, W (f) is a spectral weighting function that can
be chosen to control the quality of the delay spectrum



Evolu'on	  of	  EoR	  HI	  Fluctua'ons	  

EoR	  HI	  Brightness	  	  
Temperature,	  Var(dTbHI(z))	  
•  Separa'on	  yields	  EoR/FG	  ra'o	  

in	  different	  bands	  (redshiss)	  

•  If	  FG	  model	  known,	  
Var(dTbHI(z))	  can	  be	  es'mated	  

•  10-‐5	  precision	  not	  required	  
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Challenges	  &	  Prospects	  
ü  Redundancy	  
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ü  Averaging	  LST	  across	  nights	  

ü  Combine	  k-‐modes	  (cylindrical	  and	  
	  	  	  	  	  	  spherical)	  op'mally	  

ü  Filter	  dominant	  FG	  bi-‐spectrum	  
phase	  

ü  Combine	  data	  incoherently	  in	  
power	  spectrum	  

X	  	  	  Baseline-‐dependent	  gains	  

2

II. INFORMATION IN BI-SPECTRUM PHASE

The bi-spectrum in the context of interferometry has
been investigated in [34–37] and recently revisited in [32].
It is defined as:

B∆(f) = Vab(f)Vbc(f)Vca(f), (1)

where, Vab(f) denotes the spatial coherence measured
between antennas a and b at frequeny f . If the in-
strument and/or ionosphere introduce complex antenna-
based gains denoted by ga at any antenna a, then:

V m
ab (f) = ga(f) g

∗
b (f)V

T
ab(f) + V N

ab(f), (2)

where, the measured spatial coherence, V m
ab (f), is the

sum of contributions from thermal-like noise, V N
ab(f), and

sky spatial coherence, V T
ab(f), corrupted by the antenna

gains. The corresponding bi-spectrum is given by:

Bm
∆ = |ga|2 |gb|2 |gc|2 BT

∆ + noise-like terms (3)

where, the dependence on f has been dropped for conve-
nience hereafter unless specifically indicated. All noise-
like terms on the R.H.S. are uncorrelated due to the pres-
ence of visibility noise term and average to zero. Hence,
⟨Bm

∆⟩ = ⟨|ga|2 |gb|2 |gc|2 BT
∆⟩. The phase of the measured

bi-spectrum is independent of the antenna gains and thus
identical to that of the true bi-spectrum corrupted only
by noise. Denoting the bi-spectrum phase as φ∆,

φm
∆ = φm

ab + φm
bc + φm

ca = φT
∆ + δφN

∆, (4)

where, δφN
ab is the perturbation due to thermal noise su-

perimposed on true phase, φm
ab = φa−φb+φT

ab+δφN
ab and

φa denote the phase of the measured spatial coherence
V m
ab and phase of complex antenna gain ga, respectively.
Defining the signal-to-noise ratio (SNR) in the spatial

coherence as ρNab = |V T
ab|/|V N

ab|, where, V N
ab includes both

real and imaginary parts, the probability distribution of
δφN

ab depends on ρNab as [38]:

P (δφN
ab) =

1

2π
e−(ρN

ab
)2
!

1 +G
√
π eG

2

(1 + erf G)
"

, (5)

where, G = G(δφN
ab) is defined by G(θ) = ρ cos θ, and erf

is the error function. For ρNab ≫ 1, P (δφN
ab) approaches

a Gaussian distribution with standard deviation, σφm
ab

=

(
√
2 ρNab)

−1. For ρNab = 0, P (δφN
ab) reduces to a uniform

distribution in [−π,π]. From Eq. (4), it can be seen that
for ρNab, ρ

N
bc, ρ

N
ca ≫ 1, φm

∆ will also approach a Gaussian
distribution with variance:

σ2
φm
∆
= (

√
2 ρNab)

−2 + (
√
2 ρNbc)

−2 + (
√
2 ρNca)

−2. (6)

The standard deviation due to thermal noise can be
further reduced while preserving phase coherency by
averaging independent measurements of φm

∆, yielding
σ2
φavg
∆

= σ2
φm
∆
/Nm, where, Nm is the number of inde-

pendent measurements. It may be noted that δφN
∆ on

antenna triads that share at most one antenna are still
considered uncorrelated, independent of ρNab [35].
Eq. (4) is valid when Eq. (2) is valid where the gain

terms are purely antenna-dependent, i.e., in the ab-
sence of any dependency on the antenna pair or baseline
that cannot be factorized into purely antenna-dependent
terms. Such baseline-dependent terms will be present
when mutual coupling across antennas and correlated er-
rors between the signal pathways of the antennas are sig-
nificant, which will introduce departures from Eq. (4)
that will depend on the magnitude of such effects. Pa-
per I presents a preliminary analysis of the magnitude of
baseline-based terms for HERA. In this paper, we ignore
baseline-dependent gain terms. We will explore this issue
in more detail in our forthcoming data analysis paper.

III. MODELING

We describe the instrument and sky model we adopt
to demonstrate our approach to EoR H i detection.

A. Instrument Model

We use the Hydrogen Epoch of Reionization Array
[HERA; 20, 39–42] as an example in demonstrating our
approach. Located at the Karoo desert in South Africa
at a latitude of −30.73◦, HERA will consist of 350 close-
packed 14 m dishes with the shortest antenna spacing
being 14.6 m. Its layout – a triple split-core hexagonal
grid – is optimized for both the redundant-spacing cali-
bration and the delay spectrum technique for detecting
the cosmic EoR H i 21 cm signal [43]. The HERA lay-
out offers redundant, independent measurements of φm

∆
on many classes of antenna triplets.

B. Sky Model and Noise

We construct an all-sky model that includes the real-
ization of a fiducial ‘faint galaxies’ EoR model [2] using
21cmFAST [44] and a radio foreground model that in-
cludes compact and diffuse synchrotron emission from
the Galaxy and extragalactic sources [18]. The models
chosen here are only for demonstrating the potential of
the technique which will be valid for other models as well.
Fig. 1 shows the amplitudes of the spatial coherence

spectra measured on three non-redundant 14.6 m an-
tenna spacings due to the sky (foreground synchrotron
and H i from the EoR) and thermal noise contributions
with 1 min integration. It is seen that the foreground con-
tributions exceed the EoR signal by a factor ∼ 104 as ex-
pected. It is also noted that 400 ! ρab, ρbc, ρca ! 1600,
which implies that fluctuations in φm

∆ caused by thermal
noise will follow a Gaussian distribution with standard
deviation given in Eq. 6.
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[HERA; 20, 39–42] as an example in demonstrating our
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grid – is optimized for both the redundant-spacing cali-
bration and the delay spectrum technique for detecting
the cosmic EoR H i 21 cm signal [43]. The HERA lay-
out offers redundant, independent measurements of φm
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on many classes of antenna triplets.

B. Sky Model and Noise

We construct an all-sky model that includes the real-
ization of a fiducial ‘faint galaxies’ EoR model [2] using
21cmFAST [44] and a radio foreground model that in-
cludes compact and diffuse synchrotron emission from
the Galaxy and extragalactic sources [18]. The models
chosen here are only for demonstrating the potential of
the technique which will be valid for other models as well.
Fig. 1 shows the amplitudes of the spatial coherence

spectra measured on three non-redundant 14.6 m an-
tenna spacings due to the sky (foreground synchrotron
and H i from the EoR) and thermal noise contributions
with 1 min integration. It is seen that the foreground con-
tributions exceed the EoR signal by a factor ∼ 104 as ex-
pected. It is also noted that 400 ! ρab, ρbc, ρca ! 1600,
which implies that fluctuations in φm

∆ caused by thermal
noise will follow a Gaussian distribution with standard
deviation given in Eq. 6.

gab	  
X	  	  	  Direc'on-‐dependent	  gains	  
X	  	  	  Cross-‐polariza'on	  gains	  
X	  	  	  Long	  baseline	  wide-‐field	  
	  	  	  	  	  ionosphere	  effects	  

X	  	  	  Non-‐redundancy	  (technically	  	  
	  	  	  	  	  	  not	  a	  showstopper)	  
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•  HERA-‐47	  in	  one	  season	  has	  >	  2	  million,	  1-‐min	  
measurements	  of	  ~30	  triads	  in	  14.6	  m	  
equilateral	  triad	  class	  in	  150	  nights,	  8	  hr/night	  

•  Data	  sufficient	  to	  comment	  on	  whether	  
systema'c-‐limited	  or	  noise-‐limited	  

•  Independent	  approach	  to	  EoR	  detec'on	  –	  
complementary	  to	  exis'ng	  approaches	  

Prospects	  with	  HERA	  



Summary 

 

 
 

•  Systematics are the biggest challenge to EoR and low 
frequency experiments - HERA, SKA, MWA, PAPER, 
LOFAR 

•  Bi-spectrum phase avoids antenna calibration issues 
•  Worst	  Case:	  Can’t	  be	  much	  worse	  than	  now,	  understand	  

instrument	  systema'cs	  and	  limita'ons	  
•  Best	  case:	  Can	  be	  much	  beKer	  and	  avoid	  big	  calibra'on	  

systema'cs	  -‐	  maybe	  upper	  limits	  on	  Var(dTbHI(z))	  ??	  
•  HERA-‐47	  can	  indicate	  posi'on	  on	  “worst-‐to-‐best”	  scale	  

•  PRISim – high precision simulator for wide-field radio 
interferometry –
https://github.com/nithyanandan/PRISim  


